A system of reaction-diffusion differential equations is utilized to model the diffusion of a population through annular patches with different carrying capacities. In the case of continuous solutions with continuous flux, it is shown that a unique, positive steady-state solution exists. In the case of radially symmetric initial conditions, it is shown that all solutions of the Cauchy problem approach this steady-state solution. Models involving nonsymmetric initial conditions are also considered.
Introduction.
Recently, several papers have appeared in the literature concerning the effect of environmental heterogeneity on population growth. In order to study such effects [PR] and [SR] devised an efficient method of dividing the habitat into homogeneous patches, where the growth and diffusion coefficients for the given populations are constant in each patch, but may be different in different patches.
In studying the behaviour of a population in a patchy environment, [FST] obtained asymptotic stability of a unique positive steady-state in a two-patch environment with population diffusion along a linear transect.
[FW] analyzed the steady-state in a linear three-patch environment.
In [FK] a complete analysis of the population diffusion in an n-linear patch environment was obtained. However in natural settings, models that assume population diffusion along a line that is the transect of patches have their limitations. Hence [AC1] considered a model of two populations with competition and diffusion in a two-planar-patch environment, but with the same diffusion coefficients (and different growth rates) in a Lotka-Volterra setting. They derived sufficient conditions for persistence and extinction of the populations, as well as some convincing numerical interpretations for the biological phenomena.
In this paper we are interested in the case where the environment changes radially from some point. Such change may e.g. be due to a pollution source (such as a smoke stack) or an enrichment source (such as bird droppings in a concentrated area of a lake), etc. To this end we model our system by means of annular patches with constant diffusion and growth laws in each patch (but of course they may be different from patch to patch).
We will obtain criteria for global stability of a unique radially symmetric positive steady-state solution.
We divide the environment into several patches from a central area to a margin patch.
A polluted water field around an oil well in a sea and the unpolluted water area would form an annular two-patch environment.
The model we utilize is a parabolic system of the form d -Ui(x,y,t) = d,Aui(x,y,t) + ui(x,y,t)gl(ui{x,y,t)), ( where v is the unit outward vector to f2,;. Here SI, is the ith patch with positive radial annulus, 0, = {(;r.,(/) | rf. , < x2 + y2 < r2}, and we define = {{x, y) | 0 < x2 + y2 < r2}, and 0 = Tq < ri < V2 < • ■ ■ < rn are constants. A is the Laplacian, di > 0, i = 1, 2,..., n is the diffusion constant in the ith patch Q, . The function gt 6 C'(R+, R), i = 1,2,..., n is the specific growth rate in the zth patch and satisfies the standard assumptions for a Gause population model (see [F] ), that is p,(0) > 0, g[{u) < 0 and gi(Ki) = 0 for some Ki > 0, the capacity of the ith patch, rj = (771,772,... ,rjn) with r/i e is positive and radially symmetric and satisfies (1.2) and (1.3). Here is a Sobolev space. The general rth-order Sobolev space on a region Q (r a positive integer) is Hm(n) = {ipeC2m\vil),<p{2),---,<P{m) e£2m, 
|s -
We require in what follows the standard result that the inclusion -> C1//2(f2) is continuous [Fr] , For the sake of conciseness, we shall write u instead of (ui, «2, • ■ •, un) for the solution of (1.1)-(1.5), and treat Ui as a restriction of u to fi, x R+, which is feasible if (1.3) is satisfied. A solution of (1.1)-(1.5) in the classical sense is a function u G C(fl^ xR+, R+) such that r\ r\ 2 a2
(i) the partial derivatives g^Ui, of the restriction Ui of u are continuous on x f?+ for i -1,2,..., n, (ii) the restriction Ui, i = 1,2,...,n satisfies (1.1)-(1.5).
For a complete analysis of model (1.1)-(1.5), we will consider the steady-state solution first, which is a solution of the elliptic system diAvi + vigi(vi) =0 in i = 1, 2, Ian'™) = Km } ?***? / (1.7)°v 9n«) sn(o i = 1,2,..., n -1.
Because of the symmetry of the patches, it is reasonable to consider a radially symmetric steady-state that can be solved from the radially symmetric polar form of (1.7): diVi(r) + ^v'i(r) + vi(r)gi(vi(r)) = 0, re(ri_1,ri), i = 1,2,..., n, ( We introduce h(u) in order to include the negative solution cases.
Lemma 2.1. In fi,, i > 1, there exists a radially symmetric steady-state solution v(f1) of (2.1) for the boundary value problem dv k i sn^-1) where K > 0 is a positive constant. Further, if K > K and a > 0, then v will be strictly increasing in r; if K < K and a < 0, then v will be strictly decreasing in r.
Proof. The existence of a radially symmetric steady-state v(r) of (2.1) is implied by the radially symmetric polar form of (2.1) which is a second-order ODE dv"(r) +-v'{r) + h(v(r)) = 0, re(r<_i,rj). Proof. Clearly the precondition f/(0) = 0 must hold for the existence of a radially symmetric steady-state solution v, since from the radially symmetric polar form of (2.1) dv"(r) + -v'{r) + h(v(r)) = 0, 0 < r < n.
(2.4)
The monotonicity of v is obvious by the integral form of (2.4) in Ori, namely 1 r v'(r) = --/ sh(v(s))ds, (2.5) r« Jo and the properties of h.
To prove existence, we will prove that the radially symmetric steady-state solution is a limit of solutions {Vm)} by the Ascoli-Arzela lemma, where v^m\r) is the radially symmetric steady-state of The radially symmetric polar integral form of (2.6) is
In order to use the Ascoli-Arzela Lemma, we only need to check the uniform boundedness of {?/m'}, since then its equi-continuity is implied by the uniform boundedness that results from (2.7).
When K < K, v^m\r) < K by Lemma 2.1. By (2. Let v(r) be the solution of
Comparing (2.8) to (2.9), we get that
r€m <r <r\.
Therefore in both cases {?/TO)(r)} is uniformly bounded. By the Ascoli-Arzela Lemma, there exists a uniformly convergent subsequence of {v(m)(r)} jn [r£i)r1]) denoted by {v(1'm^(7")}m=i> and similarly there exists a uniformly convergent subsequence of (r)}m=i in [^e2 j ri]? denoted by -{V2'm)(r)}^=1, etc. By this procedure we obtain a uniformly convergent subsequence of {u^_1'mHr)}m=i in [r£(,ri], which we denote by {V'rn)(r)}^=1, I = 1,2,.... It is obvious that (j-)}^=1 uniformly converges in any interval [a,/3] C (0, j~i]. Without loss of generality, we assume that (i/m)(r)} is this subsequence and that v*(r) is its limit in (0, ri]. It is easy to see that v*(r) is continuous and bounded in (0, ri], and we can extend the definition of u*(r) to r = 0. Actually from the construction of {?rm)(r)}, we have that v*(0) = K.
A direct consequence of (2.7) is that {v(m) (r)} is uniformly convergent in [a,p] C (0, ri]. Actually (2.7) can be written in two parts: '(r) = J sh{v*(s))ds,
i.e., v*(r) satisfies (2.5) and thus is a radially symmetric steady-state solution of (2.1).
This finishes the proof of Lemma 2.2. □
The next two theorems are concerned with the existence and uniqueness of a positive radially symmetric steady-state solution of (1.8). If r* < rn, say r* € [r»_i,rj], then by the monotonicity in Lemmas 2.1 and 2.2, we have that the inequality v(r*) > Ki will result in v(r) > Ki for r > r*, which contradicts v(r") = Kn < Ki. On the other hand, inequality v(r*) < Ki and v'(r*) = 0 will contradict the definition of r*. Therefore r* = rn, i.e., v(r) must be decreasing. Similarly the case K\ < K2 < ■ ■ ■ < Kn can be treated. □ 3. The Cauchy problem with radially symmetric initial data. The existence of a unique, globally defined solution to (1.1)-(1.5) with any radially symmetric set of initial data is proved in this section. The regularity and boundedness of the solution are also given in order to carry out the stability analysis of the next section.
Let v*(r) = (uj (r), v^r),..., u*(r)) be a radially symmetric steady-state solution of (1.8) and define w = {w 1, W2, ■ ■ ■, wn) by w(x,y,t) = u(x,y,t) -v*(r), t > 0, 0 < r < rn, x2 + y2 = r2, for the solution u(x,y,t) of (1.1)-(1.5). w(x,y,t) satisfies d
Wi(x,y,t) = diAwi(x,y,t) + ht{wi{x, y, t) + v*(r)) -hi(v*(r)), where hi has the same meaning as that in (2.11), i -1,2,..., n, and = {<p € I ^|an(n, = 0}. Now we analyze (3.1)-(3.5) in a Hilbert space in the distributional sense, and employ the abstract semigroup theory of operators to obtain the existence of a distributional solution.
We then utilize the regularity of the solution with an embedding theorem in order to prove that this distributional solution is also a classical solution.
Here a classical solution of (3.1)-(3.5) means that w(x,y,t) +w(r) is a solution of (1. By a standard technique in ([H], Sees. 3.5 and 3.6), we can prove that w(t) is actually a classical solution. We write this result in the next lemma for a later purpose.
Lemma 3.2. Let w be the unique solution of (3.8) on [0,T). Then £2Wi, ^wI, af*mWi, -gtftWi, ^Wi, ^Wi, i = l,2,...,n, 0 < t < T, all exist and are continuous in the corresponding patch.
Actually, elements of X are equivalence classes of functions. A more exact statement of Lemma 3.2 is that there is a function with the stated smoothness properties in the equivalence class of the solution. Therefore, we have the existence and uniqueness of the solution u(x,y,t) of (1.1)-(1.5) in some interval t G [0,T). According to the maximum principle for parabolic equations, from the boundary condition (1. Theorem 4.1. ||u(-,-,i) -v*||y -* 0 as t -> oo for all solutions u of (1.1)-(1.5) with positive radially symmetric initial data.
Because the gradient norm in Y is stronger than the £2-norm, the conclusion of 5. The asymptotic behaviour of the solution with arbitrary initial data. In the previous sections, we have given the entire picture of the behaviour of the solution with radially symmetric initial data. We get the global attractivity of the positive radially symmetric steady-state solution with respect to all the solutions with radially symmetric initial data. In this section, we will prove the attractivity of this radially symmetric steady-state solution with respect to all solutions with arbitrary initial data under certain conditions.
Before proving the stability, we generalize the analysis of the Cauchy problem in Sec. 3 to those problems with arbitrary initial data. We will use spaces Xq and Yq instead of X and Y. The domain and range of operator A need to be extended correspondingly.
We do so in the following lemma.
Lemma 5.1. Operator A will generate a compact, analytic, uniformly bounded semigroup T(t) with |T(t)| < Mo and 0 G p(A).
Proof. Comparing to the proof of Lemma 3.1, we only need to show that R{A) = Xo, 0 G p{A) and Ais compact. The rest of the analysis can be easily carried over similarly. Let Za = {ip \ if -v* G Y0,p > 0}. Similarly all the analyses on Z in Sec. 4 can be carried over to Zq. Therefore all solutions will approach E in Zq, where E is the set of all positive steady-state solutions. We give a condition for the uniqueness of our steady-state solution. 
